Abstract. There have been some study characterizing monoids by homological classification using the properties around projectivity, injectivity, or regularity of acts. In particular Kilp and Knauer([4]) have analyzed monoids over which all acts with one of the properties around projectivity or injectivity are regular. However Kilp and Knauer left over problems of characterization of monoids over which all regular right S-acts are (weakly) flat, (weakly) injective or faithful. Among these open problems, Liu ([3]) proved that all regular right S-acts are (weakly) flat if and only if es is a von Neumann regular element of S for all s ∈ S and e 2 = e ∈ T , and that all regular right S-acts are faithful if and only if all right ideals eS, e 2 = e ∈ T , are faithful. But it still remains an open question to characterize over which all regular right S-acts are weakly injective or injective. Hence the purpose of this study is to investigate the relations between regular right S-acts and weakly injective right Sacts, and then characterize the monoid over which all regular right S-acts are weakly injective.
Introduction
In module theory three different definitions of a regular module have been introduced. One of them is defined by Ware for which a regular module is projective such that all its cyclic submodules are direct summands( [6] ). A bigger class of regular modules is defined by Zelmanowitz([7] ). Extending the notion of von Neumann regularity of semigroup, Tran( [5] ) introduced the definition of a regular act over a momoid S as follow: A right S-act A is called regular if for any element a ∈ A there is an Shomomorphism f : aS → S such that af (a) = a. This definition of a regular right S-act is similar to the one of Zelmanowitz for modules and keeps regular acts close to projective acts and to von Neumann regular monoids. We note that if S is the von Neumann regular monoid, then for every s ∈ S there is an element s ∈ S such that ss s = s, hence the S-homomorphism f : sS → S defined by f (st) = s st, t ∈ S satisfies sf (s) = ss s = s. Thus the von Neumann regular monoid S is a regular right S-act. But a monoid S which is a regular right S-act need not be von Neumann regular. For example, the semigroup N of all natural numbers is not von Neumann regular but a regular N -act.
Throughout this paper, S will stand for a monoid and every act will denote a right S-act over a monoid S. A right S-act is a set A on which S acts unitarily from the right in the usual way, that is to say a(st) = (as)t, a1 = a, a ∈ A, s, t ∈ S where 1 denotes the identity of S.
We shall give useful characterizations of a regular act as follow:
For a right S-act A, the following conditions are equivalent:
(ii) for every a ∈ S there is an idempotent λ a ∈ S such that aS is isomorphic to λ a S. (iii) for every element a ∈ A aS is a projective S-act. In general regularity of an act does not imply projectivity and also projectivity does not imply regularity, hence Tran( [5] ) has investigated monoids over which the class of regular acts coincides with the class of projective acts as follows:
A monoid S is a regular right S-act if and only if every projective right S-act is regular.
Theorem 2. For a monoid S the following conditions are equivalent: (i) S is a group.
(ii) an S-act A is regular if and only if A is projective.
Moreover there has been done some study characterizing monoids by homological classification using the properties around projectivity, injectivity, or regularity of acts. In particular Kilp and Knauer([4] ) have analyzed monoids over which all acts with one of the properties around projectivity or injectivity are regular as follows: Conversely Kilp and Knauer([4] ) also have characterized monoids over which all regular acts have one of these properties. For example, it is proved that all regular right S-acts are projective ⇔ all regular right Sacts are strongly flat ⇔ all regular right S-acts are completely reducible ⇔ every idempotent of T generates a minimal right ideal where T is the largest regular right ideal of S. Moreover, it is also proved that all regular right S-acts are free ⇔ all regular right S-acts are projective generators in S-act ⇔ S is a group.
However Kilp and Knauer remained the problems of characterization of monoids over which all regular right S-acts are (weakly) flat( [2] ), (weakly) injective or faithful. Among these open problems, Liu( [3] ) proved that all regular right S-acts are (weakly) flat if and only if es is a von Neumann regular element of S for all s ∈ S and e 2 = e ∈ T , and that all regular right S-acts are faithful if and only if all right ideals eS, e 2 = e ∈ T , are faithful. But it still remains an open question to characterize over which all regular right S-acts are weakly injective or injective. Hence the purpose of this study is to investigate the relations between regular right S-acts and weakly injective right S-acts, and then characterize the monoid over which all regular right S-acts are weakly injective.
Monoids over which all regular right S-acts are weakly injective
A right S-act A is called injective if given a S-monomorphism i : M → N and any S-homomorphism f : M → A, where M, N are right S-acts, there exists a S-homomorphism g : N → A such that f = gi. A S-act A is called (principally) weakly injective if for any inclusion i : I → S where I is a (principal) right ideal of S and for any S-homomorphism f : I → A there exists a S-homomorphism g : S → A such that f = gi. A S-act A is called divisible if As = A for every left cancellable element s of S.
Remark. For any (right) S-act A, we have the following implications: A is free ⇒ A is a projective generator ⇒ A is projective ⇒ A is strongly flat ⇒ A is flat ⇒ A is weakly flat ⇒ A is principally weakly flat ⇒ A is torsion free. A is cofree or injective cogenerator ⇒ A is injective ⇒ A is weakly injective ⇒ A is principally weakly injective ⇒ A is divisible.
From above implications of (right) S-acts, we note that every (principally) weakly injective right S-act is divisible, but the divisible right S-act is not necessarily (principally) weakly injective. Hence we investigate the condition so that the class of (principally) weakly injective right S-acts coincides with the class of divisible right S-acts. For this, we shall characterize the left cancellative monoid by these properties of acts. Proof. It suffices to prove a divisible right S-act is principally weakly injective. Assume that S is a left cancellative monoid and let A be a right S-act and I be a right ideal of a monoid S and for any a ∈ S and x ∈ I, let f : I → A be an S-homomorphism given by f (x) = a. If A is divisible, then there is an b ∈ A such that a = bx. Thus we define the map g : S → A by g(1) = b, then g is clearly a well defined S-homomorphism with g(x) = g(1)x = bx = a = f (x). Since g is the extension of f to S, A is weakly injective.
Kilp and Knauer( [4] ) proved that all regular right S-acts are divisible if and only if all right ideals eS, e 2 = e ∈ T are divisible. Thus we first investigate necessary and sufficient condition so that all regular right acts over a left cancellative monoid S are weakly injective.
Theorem 5. Let S be a left cancellative monoid. Then all regular right S-acts are weakly injective if and only if S is a group.
Proof. (⇒):
Assume that a monoid S is left cancellative and all regular right S-acts are weakly injective and let A be a regular right S-act. Then A is weakly injective by assumption and so it is clearly divisible. Hence all regular S-acts are divisible and then eS = S is divisible. Thus for any x ∈ S there is y ∈ S such that 1 = yx and then it implies y = 1y = yxy so that xy = 1. Since for every x ∈ S there is some y ∈ S such that 1 = xy = yx, S is a group. (⇐): Assume that S is a group and let A be a right S-act. Then A is the direct sum of cyclic subacts. In particular if A is regular, then A is projective. Moreover since S is left cancellative, it has only one idempotent so that A is free, that is, A is isomorphic to the direct sum of copies of S. Moreover since S has no proper right ideals, it is clear that any S-homomorphism f : S → A can be extended to g : ⊕S → A so that A is weakly injective. Thus all regular right S-acts over a group S are weakly injective.
Theorem 6. S is a von Neumann regular monoid if and only if all right S-acts are principally weakly injective.
Proof. Let A be an S-act and for any s in S, let f : sS → A be an S-homomorphism. If S is von Neumann regular, then there is an element s in S such that s = ss s. Set f (ss ) = a and define a mapping g : S → A by g(1) = a. Then g is a well defined S-homomorphism and g(s) = g(1)s = as = f (ss )s = f (s). Since g is the extension of f to S, A is principally weakly injective. Conversely assume that all right S-acts are principally weakly injective. Then for every a in S, the principal right ideal aS of S is a principally weakly injective right Sact. Hence the identity map id. of aS into aS can be extended to the S-homomorphism g of S onto aS. Set g(1) = aa for some a in S. Then a = id.(a) = g(a) = g(1)a = aa a so that a is von Neumann regular.
A right S-act A is called flat if the functor A ⊗ − preserves all monomorphisms. A is called (principally) weakly flat if A ⊗ − preserves embeddings of (principal) left ideals of S into S. A is said to satisfy condition (E) if whenever as = at for a ∈ A, s, t ∈ S then there is b ∈ A and u ∈ S such that us = ut and a = bu.
Suppose that I is a proper right ideal of S. If x, y and z are symbols not representing elements of S, define A(I) = (S − I, {x, y}) ∪ (I, {z}), and define a right S-act on A(I) by (s, u)t = (st, u) if st / ∈ I and (s, u)t = (st, z) if st ∈ I where u ∈ {x, y} and (s, z)t = (st, z). Then A(I) is a right S-act, and A(I) satisfies condition (E) for any proper right ideal I of S. (ii) every right ideal of a monoid S is generated by an idempotent. (iii) every right S-act is weakly injective.
Proof. (ii) ⇔ (iii):
Assume that every right ideal of a monoid S is generated by an idempotent and let A be a right S-act and I be a right ideal of S. Then there is an idempotent e of S such that I = eS. If f : I → A is an S-homomorphism, then for every s ∈ I, f (s) = f (es) = f (e)s. We set f (e) = a and define the map g : S → A by g(1) = a. Then g is a well defined S-homomorphism and g(s) = g(1)s = as = f (e)s = f (es) = f (s). Hence A is weakly injective. Conversely assume that all right S-acts are weakly injective, and let I be a right ideal of S. Since I is a right S-act, it is weakly injective by assumption. Hence the identity map id. : I → I can be extended to a map g : S → I. We set g(1) = a, then for every s ∈ I, s = id.(s) = g(s) = g(1)s = as. Thus a = a 2 and I = aI ⊂ aS ⊂ I so that I = aS (i) ⇔ (iii): Let I be a right ideal of S and consider the right S-act A(I) satisfying condition (E). If S is von Neumann regular, then A(I) is flat and hence for every a ∈ I, a ∈ Ia, that is, there is some b ∈ I such that a = ba. For any right S-act M and an S-homomorphism f : I → M , define a map g : S → M by g(1) = f (b). Clearly g is a well defined S-homomorphism with g(a) = g(1)a = f (b)a = f (ba) = f (a). Hence g is the extension of f so that M is weakly injective. Conversely if every right S-act is weakly injective, then every right ideal of S is generated by an idempotent, hence for every s ∈ S, the principal right ideal sS is generated by an idempotent, that is, there is an idempotent e of S such that sS = eS. If es = s and e = ss for some s ∈ S, then s = es = ss s so that s is von Neumann regular.
Next theorem gives a characterization of monoids over which all regular right S-acts are principally weakly injective.
Theorem 9. ( [4] ) All regular right S-acts are principally weakly injective if and only if the largest regular right ideal T ⊂ S is von Neumann regular and whenever p ∈ S = T is e-cancellable for e 2 = e ∈ T , then e ∈ pS.
We characterize the monoid over which all regular right S-acts are weakly injective.
Theorem 10. A monoid S is a regular right S-act and all regular right S-acts are weakly injective if and only if S is a von Neumann regular monoid.
Proof. Assume that S is a regular right S-act and all regular right S-acts are weakly injective. Let T be the union of all regular right ideals of S. If all regular right S-acts are weakly injective, then they are principally weakly injective so that T ⊂ S is von Neumann regular by theorem 9. Let p ∈ S − T . If S is a regular S-act, then there is an idempotent e ∈ S such that h : pS → eS is an isomorphism. Since eS is regular, it is weakly injective and then there is an S-homomorphism g : S → eS such that g is an extension of h. Hence e = h(p) = g(p) = g(1)p and then p = pe = pg(1)p so that p is also von Neumann regular. Thus S is a von Neumann regular monoid. For the converse, consider the right S-act A(I) satisfying condition (E). If S is a von Neumann regular monoid, then A(I) is flat and then for every a ∈ I, a ∈ Ia by lemma 2. Hence for every a ∈ I, there is some b ∈ I such that a = ba. For any right S-act M and an S-homomorphism f : I → M , we define the map g : S → M by g(1) = f (b). Then for every a ∈ I, g(a) = g(1)a = f (b)a = f (ba) = f (a) so that M is weakly injective. Also a von Neumann regular monoid S is clearly a regular right S-act.
